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Thermoelasticity problem in a thick-walled cylinder is solved analytically using the ﬁnite Hankel transform. Time-
dependent thermal boundary conditions are assumed to act on the inner surface of the cylinder. For the mechanical bound-
ary conditions two diﬀerent cases are assumed: Traction–displacement problem (traction is prescribed on the inner surface
and the ﬁxed displacement boundary condition on the outer one) and Traction–Traction problem (tractions are prescribed
on both the inner and outer surfaces of the hollow cylinder). The quasi-static solution of the thermoelasticity problem is
derived analytically, i.e., the transient thermal response of the cylinder is derived and then, quasi-static structural problem
is solved and closed form relations are extracted for the thermal stresses in the two problems. The results show to be in
accordance with that cited in the literature in the special cases.
 2006 Elsevier Inc. All rights reserved.
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In typical problems of dynamic thermoelasticity the heating rates are suﬃciently slow and the strain and
temperature rates of change are of comparable magnitudes, both of the inertia and thermomechanical cou-
pling terms in the governing equations can be dropped and dropping them greatly simpliﬁes the equations
and render them amenable to analytical solution. This assumption forms the basis of conventional transient
thermal stress analysis and time enters only as a parameter from the transient temperature distribution in the
body. A detail discussion on the eﬀects of these terms can be found in Refs. [1,2].
Wang [3] presents a method for the analysis of the dynamic thermoelasticity problem in a hollow cylinder.
The main disadvantage of his work is that the heat conduction equation is not solved for the problem and in0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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approach, Cho et al. [4] solved the corresponding problem in an orthotropic hollow cylinder, whose solution
suﬀers the same disadvantage. Kandil et al. [5] presents a numerical analysis of thermal stresses within a
thick-walled cylinder under dynamic internal temperature gradient. The temperature distribution within
the cylinder wall is determined using numerical methods. Ghosn and Sabbaghian [6] considered a one-
dimensional axisymmetric quasi-static thermoelastic problem and obtained the general solutions of its gov-
erning equations in the Laplace transform domain. The solution in the real domain for some cases such as
an inﬁnite long solid cylinder has been obtained. Chen [7] considered a transversely isotropic hollow cylinder
of ﬁnite length and solved the problem by a direct power series approximation. Goshima and Miyao [8] con-
sidered a long hollow circular cylinder subjected to transient internal heat generation due to c-ray radiation,
and cooled by convection on its inner and outer surfaces. They use Laplace transform and Green’s function
to analyze the problem. Kardomateas [9,10] considered an orthotropic hollow cylinder subjected to general
form of constant thermal boundary conditions. He used the Hankel asymptotic expansions for Bessel func-
tions to solve the problem. Yee and Moon [11] presented an analytical solution for the transient, plane
quasi-static thermal stress analysis of an orthotropic hollow cylinder subjected to an arbitrary initial temper-
ature distribution and homogeneous thermal boundary conditions. The thermoelastic solution, was obtained
by a stress function approach. The transient asymmetric temperature ﬁeld is characterized by Fourier–Bessel
eigen-function expansions.
In Refs. [12,13] a method based on the Laplace transformation and ﬁnite diﬀerence method has been devel-
oped to analyze the thermoelastic transient response of multilayered annular cylinders and the general solu-
tions of the governing equations are obtained in the transform domain. The solution is obtained using the
matrix similarity transformation and the inverse Laplace transform. Jane and Lee [12] considered multilayered
annular cylinders of inﬁnite length which subjected to known temperatures at traction-free inner and outer
surfaces. Lee [13] presented the analysis of thermal stresses within multilayered cylinder under periodic bound-
ary conditions. Sen et al. [14] derived a ﬁnite element technique to predict residual and thermal stresses which
occur during water quenching of solid cylindrical rod and ring cross-sectioned steel tubes. Segall [15] presented
a closed-form solution for transient pure thermal stresses in a thick-walled cylinder subjected to heating on the
internal surface of the cylinder with convection to the surrounding external environment. Shahani and Nabavi
[16] solved the transient thermal stress problem for a hollow cylinder analytically, using ﬁnite the Hankel
transform, in which thermal boundary conditions were assumed to be constant. The transient responses of
a thick-walled pipe subjected to a generalized excitation of temperature on the internal surface were derived
in Refs. [17–19] using Duhamel’s relationship. Generalization of the temperature excitation was achieved
using a polynomial composed of integral- and half-order terms. In order to avoid the evaluation of recurring
functions in the complex domain, Laplace transformation and a 10-term Gaver–Stehfest inversion formula
were used to solve the resulting Volterra integral equation. Marie [20] considered a simple solution for any
variation of the temperature in the ﬂuid where covered the inﬂuence of cladding on the inner surface. The
approach consists of breaking down the ﬂuid temperature variation into a succession of linear shocks. Using
the linear shock resolution approach, it is possible to propose a simple analytical solution, using the same
constant.
In many applications, the temperature gradient within the cylinder thickness may be time-dependent as well
as the thermal boundary conditions. In this paper the quasi-static thermoelasticity problem in a thick-walled
cylinder is solved analytically. Time-dependent thermal boundary conditions are assumed to act on the inner
surface of the cylinder and the relation for the temperature distribution is derived, in general. For the mechan-
ical boundary conditions two diﬀerent problems are assumed: In the ﬁrst problem it is assumed that the trac-
tion boundary condition is prescribed on the inner surface of the cylinder and the ﬁxed displacement boundary
condition on the outer one, and in the second problem tractions are prescribed both on the inner and outer
surfaces of the hollow cylinder. To solve the problems, ﬁnite Hankel transform is used and closed form rela-
tions are extracted for the thermal stresses in the two problems. In the special cases, two diﬀerent thermal
boundary conditions are considered on the inner surface of the cylinder: (i) constant prescribed temperature
and (ii) exponentially decaying applied temperature. Analytical relations are extracted for the temperature and
stress distribution in the cylinder in the two special cases. The results are validated by comparing them with
those cited in the literature in the special cases.
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Consider a hollow circular cylinder of the inner and outer radii a and b, respectively. The cylinder is made
of a homogeneous isotropic material and is long enough in the axial direction such that the assumption of
the plane strain condition satisﬁes. The axisymmetric equations of thermoelasticity for the problem are
[2,16]:o2h
or2
þ 1
r
oh
or
¼ 1
a
oh
ot
; ð1Þ
o2u
or2
þ 1
r
ou
or
 u
r2
 b oh
or
¼ c2 o
2u
ot2
; ð2Þwhere a* is the thermal diﬀusivity andc2 ¼ qð1 2mÞ
2lð1 mÞ : ð3ÞIn which q is the density, m the Poisson’s ratio and l the shear modulus of the material of the cylinder. On the
other hand, we haveh ¼ T ðr; tÞ  T1; ð4-aÞ
u ¼ uðr; tÞ; ð4-bÞwhere T1 is the ambient temperature. The non-vanishing stress components are rr and rh which are related to
the displacement component and the temperature as follows:rr ¼ 2l
1 2m ð1 mÞ
ou
or
þ m u
r
 að1þ mÞh
 
; ð5-aÞ
rh ¼ 2l
1 2m ð1 mÞ
u
r
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or
 að1þ mÞh
 
: ð5-bÞThe thermal boundary and initial conditions of the cylinder arehða; tÞ ¼ gðtÞ; ð6-aÞ
hðb; tÞ ¼ 0; ð6-bÞ
hðr; 0Þ ¼ 0; ð6-cÞwhere g(t) is a known function of time representing the thermal boundary condition on the inner surface of the
cylinder. For the mechanical boundary conditions, we analyze two diﬀerent problems as follows:
Problem 1. In problem 1 it is assumed that the inner surface of the cylinder is subjected to the pressure P and
the outer one is ﬁxed, i.e.,rrða; tÞ ¼ P ; ð7-aÞ
uðb; tÞ ¼ 0: ð7-bÞProblem 2. In problem 2 both the inner and outer surfaces are subjected to traction boundary conditions, i.e.,
the pressure Pi and Po, respectively:rrða; tÞ ¼ P i; ð8-aÞ
rrðb; tÞ ¼ P o: ð8-bÞ
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It is seen that the governing diﬀerential equations of the problem ((1) and (2)), contain a linear operator L
of the general form:Lf ¼ 1
r
d
dr
r
df
dr
  
 g
2
r2
f : ð9ÞTherefore, the solution of the problem may be accomplished using the ﬁnite Hankel transform, deﬁned by the
following relation [21]:F ðkn; tÞ ¼ H ½f ðr; tÞ; kn ¼
Z b
a
rf ðr; tÞKðr; knÞdr; ð10Þwhere kn is the transform parameter and K(r,kn) is the kernel of the transformation. The inverse transform is
deﬁned as [21]f ðr; tÞ ¼ H1½F ðkn; tÞ; r ¼
X1
n¼1
anF ðkn; tÞKðr; knÞ; ð11Þwhere an should be obtained using the orthogonality of the solutions of the Sturm–Liouville diﬀerential equa-
tion corresponding to the linear operator (9), ([16])an ¼ 1R b
a r½Kðr; knÞ2dr
: ð12ÞThe choice of a proper kernel depends on the form of the governing diﬀerential equation and boundary con-
ditions of the problem. With the given form of Lf (Eq. (9)), the kernel of the transformation appears asKðr; knÞ ¼ AJ gðknrÞ þ BY gðknrÞ: ð13Þ
If the boundary conditions of the problem are deﬁned by the linear operators M and N asMf ¼ a1f ðaÞ þ a2frðaÞ; ð14-aÞ
Nf ¼ b1f ðbÞ þ b2frðbÞ; ð14-bÞwhere fr stands for
of
or, then the constants A and B of the kernel and the values of the characteristic roots, kn,
may be obtained by the following relations:MKða; knÞ ¼ 0; ð15-aÞ
NKðb; knÞ ¼ 0: ð15-bÞApplying the ﬁnite Hankel transform (10) to the linear operator (9) and twice integrating by part, yield [21]H ½Lf ; kn ¼ a½Krða; knÞf ða; tÞ  Kða; knÞfrða; tÞ  b½Krðb; knÞf ðb; tÞ  Kðb; knÞfrðb; tÞ  k2nF ðkn; tÞ: ð16Þ4. Solution of the heat conduction equation
Comparing the derivative operator with respect to r in Eq. (1) with that in (9), it is concluded that g = 0.
Also, comparing the ﬁrst two of Eq. (6) with (14), it is concluded that the conditions (15) can be written for
this problem asKða; knÞ ¼ 0; ð17-aÞ
Kðb; knÞ ¼ 0: ð17-bÞThe corresponding kernel of the Hankel transform may then be obtained, using Eqs. (13) and (17), as follows
[22]:Kðr; knÞ ¼ Y 0ðknaÞJ 0ðknrÞ  J 0ðknaÞY 0ðknrÞ; ð18Þ
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Applying the Hankel transform (10) with the above kernel to Eq. (1) and using Eqs. (16), (6) and (17), yield1
a
dh
dt
þ k2nh ¼ agðtÞKrða; knÞ; ð20Þwherehðr; knÞ ¼ H ½hðr; tÞ: ð21Þ
On the other hand, we know from the properties of the Bessel functions that [23]Krðr; knÞ ¼ dKðr; knÞ
dr
¼ knY 0ðknaÞJ 1ðknrÞ þ knJ 0ðknaÞY 1ðknrÞ: ð22ÞUsing the equality [23]J gþ1ðwÞY gðwÞ  J gðwÞY gþ1ðwÞ ¼ 2pw : ð23ÞWe haveKrða; knÞ ¼  2pa : ð24ÞSubstituting this into the right-hand side of (20), results in1
a
dh
dt
þ k2nh ¼
2
p
gðtÞ: ð25ÞThe solution of which may be obtained, applying the initial condition in (6) ashðkn; tÞ ¼ 2a

p
ea
k2nt
Z t
0
ea
k2nsgðsÞds: ð26ÞNow, applying the inverse transform (11), knowing thatan ¼ p
2
2
k2nJ
2
0ðknbÞ
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ð27Þthe temperature distribution in the cylinder may be obtained ashðr; tÞ ¼ ap
X1
n¼1
k2nJ
2
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0
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 
: ð28Þ5. The quasi-static solution of the thermoelasticity problem
In the quasi-static problem the inertia term in thermoelasticity equation (Eq. (2)) may be neglected:o2u
or2
þ 1
r
ou
or
 u
r2
 b oh
or
¼ 0; ð29Þwhereb ¼ að1þ mÞð1 mÞ : ð30ÞIt is an easy task to show that the solution of Eq. (29) is of the form [2]:uðr; tÞ ¼ b
r
Z
rhðr; tÞdr þ AðtÞr þ BðtÞ
r
: ð31Þ
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1 and 2 and the integration procedure in Eq. (31) should be carried out using properties of the Bessel functions
[23]. The result will be extracted as follows:uðr; tÞ ¼ AðtÞr þ BðtÞ
r
 apb
X1
n¼1
J 20ðknbÞ
J 20ðknaÞ  J 20ðknbÞ
knV 1ðknrÞ eak2nt
Z t
0
ea
k2nsgðsÞds
 
; ð32ÞwhereV 1ðknrÞ ¼ Y 0ðknaÞJ 1ðknrÞ  J 0ðknaÞY 1ðknrÞ: ð33Þ
It is seen, using Eq. (23), thatV 1ðknaÞ ¼ 2pkna : ð34Þ
The stress components can be computed using Eq. (5) which are not given for the sake of brevity. However,
the corresponding results are shown in the related graphs. Applying the related boundary conditions of the
two problems (Eqs. (7) and (8)), we can extract the unknowns A(t) and B(t) using Eq. (34) and after some
simpliﬁcation:
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: ð36-bÞIn the special case of g(t) = 0, the problems reduce to that of a thick-walled cylinder under internal and
external pressure. Applying g(t) = 0 on Eqs. (32), (35) and (36), yields:
Problem 1uðrÞ ¼ a
2P ðb2  r2Þð2m2 þ m 1Þ
Erða2 þ b2  2b2mÞ : ð37ÞProblem 2uðrÞ ¼ ð1þ mÞ a
2ðb2ðP i  P oÞ þ r2ð1 2mÞP iÞ þ b2r2P oð2m 1Þ
 	
Erða2  b2Þ ð38Þwhich is the same result as that obtained by Timoshenko and Goodier [24].
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Case (i): In this case it is considered that constant temperature is prescribed on the inner surface of the
cylinder, i.e.,gðtÞ ¼ h0: ð39Þ
Substituting this into Eqs. (28) and (32), the closed form relations for the temperature and displacement ﬁelds
will be obtained for this case as follows [15,22]:hðr; tÞ ¼ ph0
X1
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; ð41Þwhere for each of two diﬀerent mechanical boundary conditions (problems 1 and 2), the unknowns A(t) and
B(t) will be obtained using Eqs. (35) and (36) and after some simpliﬁcation:
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: ð43-bÞCase (ii): In this case it is considered that exponentially decaying temperature is applied on the inner surface
of the cylinder, i.e.,gðtÞ ¼ h0 ext; ð44Þ
where x is a known constant. Substituting Eq. (40) this into Eqs. (28) and (32), the temperature and displace-
ment ﬁelds will be obtained for this case ashðr; tÞ ¼ aph0
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obtained using Eqs. (35) and (36) after some mathematical manipulations:
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: ð48-bÞ6. Results and discussion
For representing the time-variating behavior of the problem, a numerical example is considered. We con-
sider the following numerical values for the problem parameters:T1 ¼ 0 ðCÞ; a ¼ 1 ðmÞ b ¼ 2 ðmÞ; P ¼ P i ¼ 100 ðMPaÞ; P o ¼ 10 ðMPaÞ; x ¼ :001;
q ¼ 7800 kg
m3
 
; m ¼ 0:3; l ¼ 80 ðGPaÞ; a ¼ 1E 5 m
2
s
 
; a ¼ 12E 6 1C
 
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ig. 1. Time-dependent temperature distribution versus the radial distance for constant temperature on the inner boundary.
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two cases of applied temperature on the inner surface, i.e., (i) constant temperature, (ii) exponentially decaying
temperature. It is seen in both cases that the temperature distribution reaches ﬁnally to the steady state one,
which is a logarithmic decrease from h0 to zero in the case (i) and zero temperature in the case (ii). Other ﬁg-
ures show the distribution of the radial stress and hoop stress across the thickness of the cylinder in diﬀerent
instants of time. Figs. 3 and 4 show the time variations of the radial and hoop stresses through the thickness of
the cylinder, respectively, for the case of constant prescribed temperature in problem 1. Noteworthy is the
great values of hoop stress in the cylinder. Figs. 5 and 6 show the same distribution of stresses in the same
problem, but for the case of exponentially decaying applied temperature, instead. It is worth-mentioning that
the stresses have reached to their steady-state values, which can also be derived from Eqs. (37) and (38) in
another line of approach. This is because the steady-state value of the temperature distribution in case (ii)
is zero, as indicated above. This is the case in problem 2 as shown in Figs. 9 and 10. But, in the constant pre-
scribed temperature case, have contributed in the steady-state value of the stresses, as shown in Figs. 7 and 8.Te
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Fig. 2. Time-dependent temperature distribution versus the radial distance for exponentially decaying temperature on the inner boundary.
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Fig. 3. Time-dependent distribution of the radial stress versus the radial distance for constant temperature on the inner boundary in
problem 1.
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Fig. 4. Time-dependent distribution of the hoop stress versus the radial distance for constant temperature on the inner boundary in
problem 1.
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Fig. 5. Time-dependent distribution of the radial stress versus the radial distance for exponentially decaying temperature on the inner
boundary in problem 1.
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Fig. 6. Time-dependent distribution of the hoop stress versus the radial distance for exponentially decaying temperature on the inner
boundary in problem 1.
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Fig. 7. Time-dependent distribution of the radial stress versus the radial distance for constant temperature on the inner boundary in
problem 2.
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Fig. 8. Time-dependent distribution of the hoop stress versus the radial distance for constant temperature on the inner boundary in
problem 2.
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Fig. 9. Time-dependent distribution of the radial stress versus the radial distance for exponentially decaying temperature on the inner
boundary in problem 2.
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Fig. 10. Time-dependent distribution of the hoop stress versus the radial distance for exponentially decaying temperature on the inner
boundary in problem 2.
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